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Mathematisches Institut
Universita¨t Leipzig
D-04109 Leipzig, Germany
Abstract. In these notes we present some recent results concerning the non-
uniqueness of solutions to the transport equation, obtained in collaboration
with Gabriel Sattig and La´szlo´ Sze´kelyhidi in [19, 18, 17].
1. Introduction
These notes concern the problem of (non)uniqueness of solutions to the transport
equation in the periodic setting
∂tρ+ u · ∇ρ = 0,(1)
ρ|t=0 = ρ
0(2)
where ρ : [0, T ]× Td → R is a scalar density, u : [0, T ]× Td → Rd is a given vector
field and Td = Rd/Zd is the d-dimensional flat torus.
Unless otherwise specified, we assume in the following that u ∈ L1 is incompress-
ible, i.e.
(3) div u = 0
in the sense of distributions. Under this condition, (1) is formally equivalent to the
continuity equation
(4) ∂tρ+ div(ρu) = 0.
It is well known that the theory of classical solutions to (1)-(2) is closely connected
to the ordinary differential equation
∂tX(t, x) = u(t,X(t, x)),
X(0, x) = x.
(5)
More precisely, if u is at least Lipschitz continuous, the solution to (1)-(2) is given
by the formula
(6) ρ(t,X(t, x)) = ρ0(x).
There are several PDE models, related, for instance, to fluid dynamics or to the
theory of conservation laws (see for instance [11, 7, 14, 15, 16]), where one has
to deal with vector fields which are not Lipschitz, but have lower regularity and
therefore it is important to investigate the well-posedness of (1)-(2) in the case of
non-smooth vector fields.
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There are several possibilities to state the well-posedness problem for (1)-(2) in
a weak setting; we describe now one possible way. Fix an exponent p ∈ [1,∞] and
denote by p′ its dual Ho¨lder, 1/p + 1/p′ = 1. The following two questions are of
interest.
(a) Do existence and uniqueness of solutions to (1)-(2) hold in the class of densities
(7) ρ ∈ L∞(0, T ;Lp(Td)) =: L∞t L
p
x
for a given vector field
(8) u ∈ L1(0, T ;Lp
′
(Td)) =: L1tL
p′
x ?
(b) Is the relation (6), which links the PDE (1) to the ODE (5) (or, in other words,
the Eulerian world to the Lagrangian one) still valid, in some weak sense?
Let us briefly comment on the choice of the classes (7)-(8) for the density and the
vector field, respectively. The choice of the class (7) for the density is dictated by
the following consideration. For smooth solutions to (1), every (spatial) Lp norm
remains constant in time. It is therefore natural in the weak setting to look for
densities whose Lp norm, if not constant, at least remains uniformly bounded in
time. Once the class for ρ is fixed, the choice (8) of the class for the vector field u
is as well natural, since in this way the product ρu ∈ L1((0, T )×Td) and hence the
notion of distributional solution to (4) (and thus also to (1)) makes sense.
This is the plan of these notes. In Section 2 we give a brief presentation of some
well-posedness results and some counterexamples to well-posedness which can be
found in the literature. In Section 3 we state the main theorem of these notes,
Theorem 3.1. In Section 4 we make some comments on the proof of Theorem 3.1.
We wish to stress that the aim of these notes is to give an informal presentation
of some recent results concerning non-uniqueness of solutions to the transport equa-
tion. For this reason, we intentionally avoid technicalities, we are quite vague in
many points, many references are missing, and the statement of the main theorem
is not presented in its full generality. For a more detailed discussion, we refer to
[19, 18].
2. Well-posedness for the Cauchy problem in the weak setting
We sketch in this section a (far from complete) overview of the literature con-
cerning the answers to questions (a) and (b) above.
First of all, we remark that existence of weak solutions in the class (7), for a given
vector field as in (8), is not a serious issue, because of the linearity of the transport
equation. Indeed, to produce a weak solution to (1)-(2), it is enough to regularize
the vector field u and the initial datum ρ0, to solve the regularized smooth problem
and use the uniform bound in L∞t L
p
x to get a weakly converging sequence. By the
linearity of the equation (1), the limit of such sequence is a weak solution to (1)-(2).
The big issue is thus uniqueness of weak solutions and the relation (6) between
Eulerian and Lagrangian world.
2.1. Uniqueness results. The first uniqueness result we mention is the celebrated
theorem by DiPerna and Lions in 1989 [12], when they proved that, if the vector field
u, in addition to the integrability condition (8), enjoys also the Sobolev regularity
(9) u ∈ L1tW
1,p′
x ,
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then uniqueness of solutions holds in the class of densities (7). Let us remark that
Di-Perna and Lions’ Theorem is still true, even when the incompressibility condition
(3) is substituted by the weaker condition
(10) div u ∈ L∞tx .
Di-Perna and Lions’ Theorem was extended in 2004 by Ambrosio [1], where
he proved that, in the class of bounded densities (i.e. p = ∞ in our notation),
uniqueness of solutions holds, if
(11) u ∈ L1tBVx.
Again, also Ambrosio’s Theorem holds if (3) is replaced by (10).
Very recently, Bianchini and Bonicatto further extended Ambrosio’s unique-
ness result to vector fields which satisfy (11) and are nearly incompressible. We
do not want to enter into details here and to give a precise definition of near-
incompressibility. We only mention that such notion is the natural generalization
of (10), in the framework of BV vector fields.
We add two remarks to this list of results. The first one is the following. The
proofs of the mentioned results are very subtle and involve several deep ideas and
sophisticated techniques. We could however try to summarize the heuristics behind
all of them as follows: (very) roughly speaking, a Sobolev or BV vector field u is
Lipschitz-like (i.e. Du is bounded) on a large set and there is just a small “bad”
set, where Du is very large. On the big set where u is “Lipschitz-like”, the classical
Cauchy-Lipschitz theory applies. Non-uniqueness phenomena could thus occur only
on the small “bad” set. Uniqueness of solutions in the class of bounded densities
(or Lp densities, where p is exactly the dual Ho¨lder to the integrability exponent of
Du, see (9)) is then a consequence of the fact that a bounded (or Lp) density ρ can
not “see” this bad set, or, in other words, can not concentrate on this bad set.
A second interesting remark is that, roughly speaking, whenever uniqueness for
the PDE (1) holds in the class of bounded densities (i.e. p =∞) for a given vector
field u, a uniqueness statement holds (in the sense of regular Lagrangian flow, a
notion we will not introduce in these notes, for a precise definition we refer, for
instance, to [2]) also for the ODE (5) with the same vector field u. This can be
seen, observing that the inverse flow map Φ(t) := X(t)−1 : Td → Td is (at least
in the smooth case) a bounded solution to (1) with (vector valued) initial datum
Φ(0, x) = x.
2.2. Non-uniqueness results. From the analysis in the previous section it follows
that the uniqueness results present in the literature concern vector fields
(a) which enjoy some form of exact or approximate incompressibility (e.g. they
have bounded divergence or they are nearly incompressible);
(b) and which are at least once differentiable (in some weak sense, e.g. they are
Sobolev or BV ).
The counterexamples to uniqueness which can be found in the literature are, in
general, based on the failure of at least one of these two conditions. For instance,
already in the paper [12] by Di-Perna Lions, it is possible to find an example of a
Sobolev vector field with unbounded divergence and another example of an incom-
pressible vector field which belongs to L1tW
1,s
x for every s < 1, but not to L
1
tW
1,1
x ,
for which uniqueness of solutions fails. A further counterexample can be found in
[10] (an incompressible vector field which belongs to L1(ε, T ;BVx) for every ε > 0
but not to L1(0, T ;BVx)).
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Let us also remark that the counterexamples mentioned so far are based on vector
fields for which the associated ODE (5) has a degenerate behavior and therefore the
Eulerian non-uniqueness is a consequence of the Lagrangian one.
3. Statement of the main theorem
We mentioned in the previous section several uniqueness and non-uniqueness
results and we observed that, in order to have uniqueness, the vector field u must
have some incompressiblity property and must possess one full spatial derivative.
There is however one question we did not answer so far:
for fixed p ∈ [1,∞), does uniqueness of solutions hold in the class of densities
L∞t L
p
x for a given incompressible u ∈ L
1
tW
1,p˜, with p˜ < p′?
Recall that p′ is the dual Ho¨lder exponent to p and thus, if p˜ ≥ p′, then DiPerna-
Lions’ theory [12] guarantees uniqueness of solutions in L∞t L
p
x.
The answer to such question is not trivial at all. There are indeed two competing
mechanisms, one playing for uniqueness, the other one playing against.
On one side, the incompressibility and the Sobolev regularity of u imply unique-
ness in the class of bounded densities (more precisely, in L1tL
p˜′
x , with p˜
′ the dual
Ho¨lder to p˜) and thus, as observed in the previous section, uniqueness of solutions
to the ODE (5) holds, in the sense of the regular Lagrangian flow. The Lagrangian
picture is very well behaved.
On the other side, if “p is too small compared p˜”, it could happen (referring
to the heuristics introduced in the previous section) that “an Lp density does see
the bad set of the W 1,p˜ vector field u” and thus “purely Eulerian” non-uniqueness
phenomena could occur.
The following theorem, which is the main result we present in these notes, pro-
vides an answer to the question asked above.
Theorem 3.1 (M., Sattig, Sze´kelyhidi). Let p ∈ [1,∞), p˜ ∈ [1,∞). If
(12)
1
p
+
1
p˜
> 1 +
1
d
,
then there exist infinitely many incompressible vector fields
u ∈ CtL
p′
x ∩CtW
1,p˜
x
for which uniqueness of solutions to the transport equation (1) fails in the class of
densities ρ ∈ CtL
p
x. Moreover:
• if p = 1, p′ =∞, then u ∈ C
(
[0, T ]× Td
)
∩ CtW
1,p˜
x ;
• the same result holds if the transport equation (1) is replaced by the transport-
diffusion equation
(13) ∂tρ+∇ρ · u = ∆ρ
if, in addition, p′ < d.
Let us add some comments on the statement of Theorem 3.1.
(1) The case p = ∞ is not considered. Indeed p = ∞ corresponds to the case
of bounded densities and we have observed in Section 2.1 that, in this case,
uniqueness holds even for BV vector fields.
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(2) Similarly, also the case p˜ =∞ is not considered. Indeed p˜ =∞ corresponds
to the case of a Lipschtiz continuous vector field u and, in this case, the
classical Cauchy-Lipschitz theory for the ODE (5) provides a solution to
(1)-(2), via the formula (6).
(3) In the case p = 1, p′ =∞ (which correspond to p˜ < d), the vector fields we
construct are continuous, not only bounded. This shows that, in general,
even the continuity of the vector field, in addition to the incompressibility
and the Sobolev regularity, is not enough to guarantee uniqueness of weak
solutions (compare with the result in [5, 6]).
(4) For the vector fields provided by Theorem 3.1, uniqueness for the ODE
(5) holds (in the sense of regular Lagrangian flow): nevertheless, the PDE
(1) displays anomalous behavior. This shows that, for such vector fields,
the relation between the Lagrangian and Eulerian world, summarized in
Equation (6), is completely destroyed. This is even more evident in the
case p = 1, where the vector fields we construct are continuous and thus
the trajectories of the regular Lagrangian flow are classical C1 curves solving
(5).
(5) In general, for the transport-diffusion equation (13) much stronger unique-
ness results hold than for the transport equation (1). Indeed, the diffusion
term ∆ρ is usually dominating (being the highest order term) and thus its
regularizing effect translates, through the energy estimate, into a unique-
ness statement for (13). On the contrary, for the vector fields provided by
Theorem 3.1, the non-uniqueness generated by the first order term ∇ρ · u
is so strong that it beats even the second order term ∆ρ.
4. Some comments on the proof
We conclude these notes with some comments on the proof of Theorem 3.1.
Referring again to the heuristics introduced in Section 2.1, the basic idea behind
the proof of Theorem 3.1 is to “concentrate the density ρ on the bad set of the
vector field u”.
This is done through a convex integration scheme, in the spirit of the papers by
De Lellis, Ske´kelyhidi and collaborators on the Euler equations (see, in particular,
[9]). More precisely, the linear (in ρ) PDE (4) is treated as a nonlinear PDE with
both ρ and u as unknowns. The density ρ and the field u are constructed as limit
of sequences
(14) ρ = lim
q→∞
ρq, u = lim
q
uq, q ∈ N,
where the limits have to be taken in suitable norms and (ρq, uq) are approximate
solutions to the transport equation, i.e.
(15) ∂tρq +∇ρq · uq = Errorq, div uq = 0,
with Errorq converging weakly to zero, as q →∞.
The sequences (ρq)q, (uq)q are constructed recursively: assuming ρq, uq are given,
as a first attempt, one defines
(16) ρq+1 = ρq + aq(t, x)Θ(λqx), uq+1 = uq + bq(t, x)W (λqx).
Here:
• λq ∈ N is an oscillation parameter, with λq →∞ as q →∞;
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• Θ : Td → R, W : Td → Rd are fixed smooth profiles, called Mikado density
and Mikado field, in the same spirit of the Mikado flows introduced by
Daneri and Sze´kelyhidi in [8] for the Euler equations; for a precise definition
of Θ and W we refer to the paper [19];
• aq, bq are “slow oscillating” amplitudes, defined at each step in order to
reduce Errorq and to get, in the limit, a solution (ρ, u) to (4).
As in the framework of the Euler equations, the basic idea of convex integration
is to choose the oscillation parameter λq bigger and bigger along the iteration, and
to use oscillations in order to reduce the error in (15).
The main difference between Theorem 3.1 and the theorems proven in the frame-
work of the Euler equations (e.g. [9, 13, 3]) is the following: in Theorem 3.1 we
want to construct a vector field which is in W 1,p˜x , i.e. it possesses one full derivative
(in some Lp˜ space), whereas in the framework of the Onsager’s conjecture for the
Euler equations, the aim was to show the existence of anomalous Cγ solutions, for
every γ < 1/3, i.e. solutions which possess “just 1/3 of derivative” (measured in a
sup norm).
How can we thus get such a W 1,p˜ bound? If a scheme as in (16) is used, one
can easily see that problems arise. Indeed, in order to have convergence of Duq in
Lp˜, one should be able to provide a good bound of the distance ‖Duq+1 −Duq‖Lp˜ .
However we have
(17) ‖Duq+1 −Duq‖Lp˜ ≈ λq‖bq‖L∞‖DW‖Lp˜
and the presence of the multiplicative factor λq prevents the convergence of Duq in
Lp˜.
This issue can be solved using a concentration argument, in the same spirit of
what Buckmaster and Vicol did in the framework of the Navier-Stokes equations
in their remarkable recent work [4], using intermittent Beltrami flows. In order to
explain how the concentration argument works, let us think, for the time being, to
the fixed Mikado density Θ and fieldW as compactly supported functions in Rd (i.e
not as periodic functions). Then we can construct a family of concentrated Mikado
densities and fields, parametrized by a concentration parameter µ > 0 , defined as
a rescaled version of Θ and W , as follows:
Θµ(x) := µ
αΘ(µx), Wµ(x) = µ
βW (µx).
It is now not difficult to see that, if (12) is satisfied, then one can choose α, β so
that
(18) ‖Θµ‖Lp ≈ 1, ‖Wµ‖Lp′ ≈ 1,
and
(19) ‖DWµ‖Lp˜ ≈ µ
−c,
for some c > 0, so that ‖DWµ‖Lp˜ → 0, as µ → ∞. In this way, we can produce a
whole family of Mikado fields, which “are not degenerating” as µ → ∞ (i.e. they
remains “of order 1”, in some suitable norm, thanks to (18)), but, at the very same
time, have vanishing derivative, thanks to (19).
We can now modify our Ansatz (16) as follows:
(20) ρq+1 = ρq + aq(t, x)Θµq (λqx), uq+1 = uq + bq(t, x)Wµq (λqx),
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where µq is a sequence of real numbers, with µq → ∞ as q → ∞, to be chosen
appropriately. In this way, thanks to (19), the estimate in (17) becomes
‖Duq+1 −Duq‖Lp˜ ≈ λq‖bq‖L∞‖DWµq‖Lp˜ . ‖bq‖L∞λqµ
−c
q ,
and thus, if µq is chosen much bigger than λq, the distance ‖Duq+1 −Duq‖Lp˜ can
be made arbitrarily small, thus getting convergence of uq inW
1,p˜ and hence proving
Theorem 3.1.
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